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ABSTRACT: A model for the plateau in the relaxation modulus is presented. This model treats the
relaxation on successively longer length scales. The extent of relaxation in the strain-induced excess free
energy for each length scale is evaluated by minimizing the free energy through motions on that length
scale, while constraining the system such that there is no relaxation on all longer length scales. The
extent of relaxation is determined by the number of other chain segments in contact with a relaxing
chain segment. The residual excess free energy, which remains after the relaxation on a length scale, is
further reduced by the subsequent relaxation on the longer length scales. This analysis predicts that the
entanglement chain length for relaxation should scale as Ne ~ p=2 b=3b; 3, where p is the monomer density,
b is the monomer bond length, and b, is the Kuhn length. Two methods for the evaluation of the time
dependent relaxation modulus, which are based on this length scale dependent analysis of the relaxation,

are proposed and compared.

I. Introduction

In a recent paper,! we have argued that the extent of
relaxation in a polymer melt, following the application
of a strain, varies depending on the length scale under
consideration. This analysis minimizes the free energy
per chain segment on a given length scale, subject to
the constraint that the chain is not allowed to relax on
longer length scales. Given the model employed for the
length scale dependent free energy, the relaxation is
nearly complete on short length scales, but the fraction
of unrelaxed excess free energy grows with length scale,
approaching unity for longer length scales. The extent
of relaxation on each length scale is determined by the
average number of chain segments in contact with a
given chain segment on this length scale. The total
excess free energy per monomer is obtained by summing
the contributions from all length scales, and this
summed excess free energy determines the plateau in
the relaxation modulus.

In this paper, a more general and improved model is
provided for the length scale dependence of the excess
free energy. The analysis considered in the previous
work! assumes a rather restrictive form for the depen-
dence of the free energy on neyj, the number of segments
of other chains in contact with a given chain segment
on the jth length scale. The analysis presented in this
work begins with a completely general dependence of
the length scale dependent free energy on ncyj. Moreover,
model calculations are presented in the appendices,
which provide insight into the expected functional form
for the free energy at long length scales. It is also argued
in this paper that the relaxation on each length scale
further reduces the residual unrelaxed free energy on
all shorter length scales, resulting in significantly more
relaxation for short length scales than was the case in
the previous treatment. Furthermore, if the length scale
dependence of the residual free energy is chosen to be
consistent with the long length scale form suggested by
the model calculations, then the additional short length
scale relaxation leads to a different scaling dependence
of the entanglement chain length, N¢, on the monomer
density, p, the monomer bond length, b, and the Kuhn
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length, bs, than would be the case for the previous
model.r In both the current and previous treatments,
the length scale dependent free energy can only depend
0N Nepj, given the Gaussian coil model used to describe
the chains. This results in N depending only on the
combination of quantities p?b3b;3 in both treatments.
This ngpj is also the quantity employed in packing length
arguments? to obtain the dependence of Ne on p?b3b;3.
However, in our length scale dependent analysis, the
functional dependence of N, on p?b3b;3 is determined
by the manner in which the free energy depends on Ne;,
and this leads to the different dependence of Ne¢ on
0°b%b;2 in the current and previous treatments. The N,
values predicted in this work are found to be in good
agreement with published experimental values for
several polymer systems. The entanglement chain length
determines the magnitude of the plateau modulus.?
Importantly, the free energy analysis of the relaxation
presented is independent of the mechanism for the chain
motion. Therefore, these results do not rest on any
assumption about nature of the chain motion.

This paper is organized as follows. The analysis of the
length scale dependent relaxation of the strain-induced
excess free energy is presented in section Il. Numerical
calculations are presented in section 111, which compare
calculated values of N with published experimental
results. Numerical results are also discussed, which
verify the accuracy of some of the approximations made
in obtaining the scaling of N on the monomer density,
the monomer bond length, and the Kuhn length and
which test the sensitivity of Ne on the form employed
for the length scale dependent free energy. Calculations
are also presented for the time dependent relaxation
modulus. The results are discussed in section 1V, and
model relaxation calculations are presented in the
appendices.

Il. Theory of the Length Scale Dependent
Relaxation

To evaluate the stress in a polymer melt, we consider
the relaxation of chain segments on consecutively longer
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length scales. The chain segments on each length scale
contain twice as many monomers as was the case for
the segments on the previous length scale. Therefore,
nj = 2ino, where n; is the number of monomers along
the chain backbone in a chain segment on the jth length
scale. The three-dimensional distance corresponding to
the jth length scale scales as I; = 212l;_4, as long as the
segment length is longer than the persistence length
for the chain. We set ng to unity and |y is proportional
to (bby)Y2, where b is the monomer bond length and b;
is the Kuhn length. In this work, the monomer bond
length is defined as the average bond length along the
chain backbone, and the number of monomers is taken
to be the number of bonds along the backbone. In this
analysis, the chains are viewed as being composed of
harmonically bonded beads. In going from one length
scale to the next, two beads of the chain are combined
into one bead for the next length scale. The bond length
for the new bead is 212 times the bond length for the
beads on the previous length scale.

In this work, the relaxation is considered on each
length scale, subject to the constraint that there is no
relaxation on the next longer length scale. The free
energy associated with this length scale after relaxation
is a well-defined thermodynamic quantity for this
constrained system. The assumption here is that this
description provides a reasonable model for the relax-
ation in polymer melts. There are various ways in which
the relaxation of the strain-induced excess free energy
associated with the jth length scale could be evaluated,
subject to the constraint that the chain does not relax
on the (j + 1)t length scale. One way would be to allow
the relative position of two consecutive beads in a chain
to relax, subject to the constraint that the average
position of the two beads is held fixed. An alternative
approach is employed in this paper. The relaxation on
a given length scale is modeled by constraining the
position of every other bead on this length scale to be
fixed and allowing the unconstrained beads to relax. The
reduction in the excess free energy per relaxing bead
can then be evaluated on this length scale. The excess
free energy associated with the (j + 1)st length scale is
then evaluated in this same way, and so on. We are
treating the relaxation as taking place on successive
length scales by removing the constraints and allowing
relaxation on one length scale, then removing the
constraints and allowing relaxation on the next length
scale, and so on. In a real system, this is more or less
what occurs, since relaxation on longer length scales
requires longer relaxation times.

The feature of the length scale dependent relaxation,
which is important for the current analysis, is the
dependence of the excess free energy on the number of
chain segments in contact with a given chain segment
on each length scale, where the excess free energy is
defined as the difference between the free energy per
segment in the strained system and its equilibrium
value. Given that the chains are viewed as harmonically
bonded beads with every other bead held fixed on each
length scale and the relaxation on each length scale
involves small chain segments containing a single
relaxing bead, the number of segments in contact with
the relaxing segment is the only quantity on which the
extent of relaxation can depend for each length scale.
A model calculation for the free energy of a system
containing segments of two chains is presented in
Appendix A. A similar model for the relaxation of one
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chain segment in a system containing many chain
segments is presented in Appendix B.

In the one-dimensional two chain relaxation model
in Appendix A, the end beads of two three-bead chain
segments are held fixed, while the middle beads are
allowed to move. Initially, the middle beads have an
equilibrium distribution of positions, given the fixed
locations of the end beads. An affine elongation strain
is applied to all the beads. The free energy is evaluated
for the set of configurations obtained from the affine
deformation of the initial equilibrium configuration
distribution. The middle beads are then allowed to relax
subject to the constraint that the chains cannot cross,
and the free energy is evaluated after the relaxation is
complete. It is found that the relaxation reduces the free
energy associated with the distribution of positions for
the middle beads to a value just slightly above the initial
equilibrium free energy. (This residual excess free
energy does not include the extra free energy due to the
strain-induced stretching of the distance between the
end beads, which is associated with the next length
scale.) This residual excess free energy results because
the probability of one chain being on a particular side
of the other chain reflects the equilibrium distribution
of positions for the middle beads in the segments before
the strain, which is not the same as the equilibrium
distribution for the system given the strain altered
positions of the end beads. The free energy expressions
for this two chain model are generalized in Appendix B
to the case of many three-bead chain segments with
fixed end beads in contact with each other. Limiting
expressions are obtained for the case of a large number
of chain segments, n¢,, and it is argued that the residual
excess free energy scales as 1/ng? in this large nep limit.

The number of chain segments in contact with a given
chain segment on the jth length scale, ncyj, depends on
the number of monomers per segment, n;. This depen-
dence of n¢yj on n;j can be evaluated by the following
scaling argument. The volume spanned by a chain
segment containing ny monomers is proportional to Ve
~ (njbb1)®2, where njbb; is the mean-squared end-to-
end distance for the segment. There are pVcy,j monomers
in this volume, where p is the monomer density. Since
each segment contains n; monomers, the number of
other chain segments in contact with any given chain
segment on the jth length scale scales as ncpj ~ pVenj/N;
~ Bnj'?2, where B = p(bb;)32. Because this argument
rests upon the assumption that the number of chain
segments in mutual contact is proportional to the
number of segments in the volume defined by the
segment radius of gyration cubed, it is very similar to
the argument used in the packing length analysis of the
scaling of the plateau modulus and entanglement
length.?

The fraction of the initial excess free energy that is
unrelaxed on the jth length scale, subject to the con-
straint that there is no relaxation on the (j + 1)st length
scale, is given by

Fi = AA,IAA; (1)

where AAjj = (Ajj — Agj). Agj is the equilibrium free
energy per chain segment, Ay is the poststrain free
energy per segment before the relaxation, and Ay; is the
free energy per segment after the relaxation on the jth
length scale. The variable y is the elongation ratio or
the shear ratio, depending on the type of strain applied.
The lowest order in Ay contributions for both AA;; and



4582 Herman

AA;j are proportional to (Ay)?, where Ay =1 — y for an
elongation and Ay = vy for a shear, since the first
derivative of A with respect of y must be zero for the
equilibrium system. It is easily seen that this (Ay)?
dependence corresponds to the linear response of the
system. The stress can be obtained by taking the
derivative of the free energy per unit volume with
respect to y. The modulus is then obtain by dividing the
stress by Ay. Thus, the (Ay)? terms in AA;; and AAy;
provide a stress which is linear in Ay and a modulus
which is independent of Ay. This corresponds to the
linear regime. F; is also independent of y in the linear
regime. Since the resulting modulus is the second
derivative of the free energy density with respect to a
deformation of the system evaluated for the equilibrium
system, it is an equilibrium averaged quantity, as it
should be.

During the relaxation on the jth length scale, the
middle bead of each rescaled three-bead segment re-
laxes, while the end beads are held fixed, and the free
energy associated with the chain segments on this
length scale decreases from AAgj to AAyj = FjAA4. The
relaxation on the jth length scale allows each bond on
this length scale to assume a distribution of configura-
tions, which is closer to its equilibrium configuration
than was the case before the relaxation. Recall that each
bond on the jth length scale corresponds to a three-bead,
two-bond segment on the (j — 1)st length scale. The
relaxation of the configurations of the bonds on the jth
length scale toward equilibrium corresponds to the same
relaxation in the distribution of end-to-end displace-
ments for the segments on the (j — 1)st length scale,
and this relaxation in the end-to-end displacement
produces a reduction in the residual excess free energy
for the (j — 1)st length scale, AAzj-1.

Since both AA;; and AAy; are proportional to (Ay)?,
AAyj is the same free energy that would be associated
with the jth length scale before relaxation, if the bonds
on this length scale had had a strain applied to them
corresponding to a value of (Ay;)?> = Fj(Ay)? rather than
(Ay)2. To calculate the free energy on the (j — 1)st length
scale after the relaxation on the jth length scale, we
approximate the postrelaxation distribution of relative
positions of the two end beads of this segment on the (j
— 1)st length scale as that which would be produced
before relaxation, if the original strain had been given
by Ay;j instead of Ay. Within this approximation, the
excess free energy on the (j — 1)st length scale, which
is proportional to (Ay)? before relaxation on the jth
length scale, is proportional to (Ay;)? after relaxation
on the jth length scale. Thus, after the relaxation on
the jth length scale, AA; 1 equals (Ay;)?/(Ay)? times its
value before the relaxation on the jth length scale. Since
Fi = (Ayj)?(Ay)?, the additional fractional reduction in
the excess free energy on the (j — 1)st length scale due
to the relaxation on the jth length scale is the same as
the fractional reduction in the excess free energy for the
jth length scale.

By the same reasoning, the additional relaxation on
the (j — 1)st length scale accompanying the relaxation
on the jth length scale produces the same fractional
reduction in the residual excess free energy on the (j —
2)nd length scale, and so on. Thus, the relaxation of the
free energy by a factor of Fj on the jth length scale
produces an additional relaxation by the factor Fj on
all shorter length scales. After relaxation has taken
place on the first j length scales, the fraction of the
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initial stress that is unrelaxed on the Ith length scale,
for | < j, is given by

i i

H =F I_l Fi=exp[-) f] (2
i=l+1 1=
where fi = —In(F;). The product of the F; factors accounts

for the relaxation on the Ith length scale due to the
relaxation on all longer length scales up to the jth. In
the model calculation presented in Appendix B, it is
found that Fj ~1 — (C/n¢pi)? and f; &~ (C/neni)? in the large
nehi limit, where C is a constant. If we assume, for the
sake of example, that this expression for f; holds for all
i and that neni2 = B2n; = B2ng2}, then eq 2 gives H, =
exp[—2(C/B)2/(ng2"] in the large j limit.

The total excess free energy per monomer after the
relaxation is obtained by summing the remaining excess
free energy per monomer on all length scales

Aa = ZAAlH,/n, (3)

where AA; is the excess free energy per nj monomer
segment before relaxation. In this work, we are treating
the chain segment on the Ith length scale as a three-
bead, harmonically bonded chain with the end beads
fixed. In this harmonic model, the effect of the strain is
the same on each length scale before relaxation, and
AA; is independent of length scale. The subscript | has
been left off AA; in eq 3 to indicate that this quantity is
independent of the length scale. Since n; = 2'and H, =
1 for all  immediately after the application of the strain,
eq 3 gives Aa = AA; as the total excess free energy per
monomer before relaxation. The free energy per volume
is obtained by multiplying the free energy per monomer,
Aa, by the monomer density, p. After relaxation has
taken place on the first j length scales, then the H,
factors in eq 3 for | < j are given by eq 2. The length
scale dependence of the extent of relaxation in the free
energy, as given by egs 2 and 3, is the main result of
this work.

There is a longest length scale in real polymer melts,
for which nj equals the number of monomers per chain,
N. On the time scale of the longest relaxation time, the
chain diffusion results in the disengaging of the contacts
between all pairs of chains that were initially in contact.
When this happens, the stress on the longest length
scale completely relaxes. This results in complete re-
laxation on all length scales. This can be seen from eq
2, since Fj = 0 for the longest length scale. However,
there is a range of intermediate times for long chains,
where the process of relaxation on successively longer
length scales produces negligible further relaxation,
since the Fj's for the length scales relaxing at these
times differ little from unity. The values of the Hj's, Aa,
and G(t) are essential converged, and they remain at
this converged value until the chains disengage on the
time scale of the terminal relaxation time. The value of
the relaxation modulus, G(t), obtained from this con-
verged free energy before the chains disengage is the
plateau modulus, Gy. This can be evaluated in the long
chain limit by setting the upper limit on the product of
Fi factors in eq 2 to infinity.

The scaling of the entanglement length, N, can be
determined by approximating the summation over
length scales in eq 3 as an integration and extending
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the lower limit of integration to zero, based on the
expectation that almost complete relaxation on short
length scales gives H; =~ 0 and Hj/n; ~ 0 for small n;.
With these modifications, Aa takes the form

AAB® o HKX)
@) Jo dx X2 “)
where x = B2 2i and H(x) is given by
_ YY)
H(x) = exp[ N s (5)

with y defined as y = B2 2i. The extension of the upper
limit of integration to infinity in egs 4 and 5 is valid in
the long chain limit. Since Fj depends only on ney; O X2,
given the length scale rescaling procedure employed
here, fi depends only on y and the integral in eq 5
depends only on the value of the lower limit x. Conse-
quently, H(x) only depends on x, and the integral in eq
4 is a constant, independent of the properties of the
specific polymer system. The only dependence on the
properties of the polymer arises through the factor of
B2 in eq 4. The entanglement length is proportional to
the inverse of the fraction of the initial excess free
energy that remains after the relaxation, N. = AA;j/Aa.
Thus, according to eq 4, N scales as B2, giving

N, ~ p~2b, b~ ©)

This is the same scaling as predicted in the work of
Fetters et al.2 based on the packing length concept.

The relaxation on progressively longer length scales
considered in this model provides a procedure for the
evaluation of the entanglement length, N, and, equiva-
lently, the plateau modulus. It also has implications for
the time dependent stress relaxation of a strained
system. However, a calculation of the time dependent
relaxation modulus, based on the length scale dependent
theory of relaxation presented here, requires a prescrip-
tion for associating time scales with the different
relaxation length scales in the theory. The size of the
relaxing chain segments on each length scale is given
in the theory in terms of n, the number of monomers in
the segment. The segment radius of gyration, Ry,
provides a natural length scale for the n-monomer
segment. The length scale for the time dependent
motion of the segments is determined by the monomer
mean-squared displacement, g(t). We associate a time
scale with each length scale by assuming that relaxation
takes place for segments on all length scales for which
Rq? is less than or equal to g(t); that is, for all segments
for which the length scale for the segment is less than
or equal to the length scale for the motion. If the chains
are approximated as Gaussian coils, then Rg? = nbb,/6.
Equating Ry and g(t) gives n(t) = 6g(t)/bb, for the
number of monomers in the largest relaxing segments
as a function of time.

Given this connection between the longest relaxing
length scale and the time, two procedures are compared
for the evaluation of the time dependent relaxation
modulus. Since the free energy is proportional to (Ay)?,
we have G(t)/G(0) = A(t)/A(0). The first method for
evaluating the modulus, G(t), uses n; = 69(t;)/bb; to
associate a relaxation time tj with each relaxation length
scale n;. The contribution to the excess free energy from
this length scale is assumed to decay exponentially from
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AA;; to AAy with decay time t. The relaxation is
evaluated by replacing the relaxed values of Fj in eq 2
with the time dependent values, Fj(t) = exp(—t/t;)) +
Fij=[1 — exp(—t/tj)]. This Fj(t) decays exponentially from
its unrelaxed value of unity to its relaxed value of Fje.
In the calculations, the long chain limit is employed, so
that the upper limit on the product in eq 2 is extended
to infinity. The second method considered for the
evaluation of G(t) employs eq 4, which treats the
relaxation length scale as a continuous variable. In this
approach, all length scales n < n(t) are treated as having
their postrelaxation value of Fj, and all length scales
with n > n(t) are treated as completely unrelaxed. This
corresponds to replacing the upper limit on the integral
in eq 5 with the finite value xmax, which corresponds to
n(t). [If this upper limit of the integral is less than the
lower limit given this prescription, then H(x) is set to
unity.] Since x = B22l = B?n;, the value of the upper
limit is Xmax = B2n(t).

The G(t) obtained from both of these procedures is
dependent on the specific form chosen for g(t). This is
in contrast to the calculation of N and Gy, which is
independent of the specific time dependence of the
monomer dynamics. To gain some insight into the quali-
tative behavior of the G(t) provided by these procedures,
calculations are discussed in the next section which
employ the form*5 g(t) = t2 for t < t. and g(t) =
t2(t/t)27 for t. < t < t; for the monomer mean-squared
displacement, where t. is the time for the crossover from
unentangled to entangled dynamics and t; is the termi-
nal time. Since negligible relaxation is expected on long
length scales, the time dependent preplateau relaxation
is only influenced significantly by the chain dynamics
on short and moderate length scales. Computer simula-
tions®7 indicate that g(t) has a behavior at short and
moderate times close to the g(t) ~ t¥2 followed by g(t) ~
t27 ~ 1928 dependence. If we were to employ a g(t) ~ t12
followed by g(t) ~ t¥* dependence, as predicted by the
reptation model,® in our calculations, the preplateau
relaxation would change very little.

The time dependent relaxation of the free energy
considered in the previous paragraph only accounts for
the relaxation due to the motions of entangled chain
segments on different length scales. It does not account
for the total relaxation on all length scales that occurs
when the chains disengage. This chain disengagement
relaxation mechanism is incorporated in the calcula-
tions by multiplying the time dependent free energy ex-
pression discussed above by an additional decay factor,
Fq(t). We use the form for F4(t), which we have employed
in previous work on the postplateau relaxation,?

8 :
R0 = 5 el )" - 2y (7)
.p

I11. Calculations

In obtaining the scaling expression, eq 6, the sum-
mations in egs 2 and 3 have been converted to integra-
tions. To test the accuracy of this approximation, results
for Ne = AAj/Aa are compared in Table 1 for the case
where eq 6 is used to evaluate N, and for the case where
egs 2 and 3 are employed. In the latter case, fj =
(CIngnj)? and nenj = 232p(bb;)?2 are used in the calcula-
tion. A value of C = 16.1 is employed, which is chosen
on the basis of a least-squaresd fit of the predicted Ne
values to the measured values. When the scaling
relationship, eq 6, is employed, the proportionality
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Table 1. Comparison of Experimental and Calculated Entanglement Chain Lengths

polymer2 b (A) b1 (A) 0° mo Ne(exp) Ne? Ne® Ned

PE 1.54 11.364 0.0337 14.0 59.14 58.93 58.96 58.92
PEB-2 1.54 11.471 0.0324 14.6 66.85 62.15 62.17 62.13
PEB-4.6 1.54 11.425 0.0310 15.3 74.44 68.55 68.58 68.53
PEO 1.49 7.942 0.0436 14.7 110.48 114.10 114.14 114.06
PEB-7.1 1.54 10.909 0.0297 16.0 87.38 85.90 85.94 85.88
PEB-9.5 1.54 11.386 0.0285 16.7 92.93 81.89 81.92 81.87
PEB-10.6 1.54 11.701 0.0281 17.0 98.47 77.99 78.02 77.97
1,4-PBd 1.49 7.937 0.0368 13.5 134.44 159.97 160.04 159.93
PEB-11.7 1.54 10.695 0.0276 17.3 104.91 105.52 105.57 105.50
alt-PEP 1.54 9.477 0.0272 17.5 130.51 156.34 156.40 156.30
PEB-17.6 1.54 11.205 0.0254 18.9 128.73 108.41 108.45 108.38
PEB-24.6 1.54 10.844 0.0230 20.9 156.75 14554 145.59 145.50
alt-PEB 1.54 9.436 0.0229 21.0 201.24 222.40 222.49 222.34
HHPP 1.54 9.423 0.0232 21.0 203.76 217.89 217.97 217.83
a-PP 1.54 9.136 0.0227 21.0 220.14 250.64 250.74 250.58
PEB-32 1.54 10.305 0.0210 23.0 222.78 203.81 203.89 203.76
1,4-PI 1.49 7.131 0.0294 17.0 319.35 346.43 346.56 346.33
PIB 1.54 10.401 0.0182 28.1 259.36 264.06 264.17 263.99
PMMA 1.54 13.799 0.0136 50.0 200.26 202.10 202.18 202.04
PEB-39.3 1.54 10.471 0.0194 25.0 294.84 227.85 227.94 227.79
PEB-40.9 1.54 10.001 0.0190 25.5 300.08 272.03 272.13 271.95
H>-3,4-Pl 1.54 19.271 0.0087 56.1 180.29 181.78 181.85 181.73
PS 1.54 14.655 0.0112 52.0 255.94 248.16 248.26 248.09
PDMS 1.64 10.310 0.0146 37.0 332.24 350.15 350.29 350.06
PEE 1.54 8.889 0.0180 27.0 410.52 432.24 432.41 432.12
PVCH 1.54 11.577 0.0101 55.1 707.19 630.26 630.50 630.09

a Polymer abreviations are the same as in Fetters et al.3 PEB-x = poly(ethylene-co-butene), where x is the number of C;Hs side chains
per 100 backbone carbons. 1,4-PBd = 1,4-polybutadiene (~50/40/10 tans/cis/vinyl). 1,4-P1 = 1,4-polyisoprene (~75/20/5 cis/trans/3,4).
alt-PEP = hydrogenated 1,4-polyisoprene. alt-PEB = hydrogenated 1,4-poly(ethylbutadiene) (~75/20/5 cis/trans/3,4). HHPP = head-to-
head polypropylene. a-PP = atactic polypropylene. PIB = polyisobutylene. PMMA = poly(methyl methacrylate) (~75% syndiotactic).

H,-3,4-PI

copolymer of poly(isopropylethylene) and poly(1-methyl-1-ethylethylene) 75/25. PEE = poly(ethylethylene). PVCH =

poly(vinylcyclohexane). ® Ne calculated from scaling relationship, eq 6. ¢ N, calculated from egs 2 and 3 using fj = (C/nehj)2. 9 N calculated
from egs 2 and 3 using Fj = 1/[1 + (C/ney;)?]. & The density p is given in terms of bonds along the chain backbone per A3.

constant is also chosen on the basis of a least-squared
fit to the experimental values for Ne.. The polymer
systems examined are those considered by Fetters
Lohse, Richter, Witten, and Zirkel? (FLRWZ) at 413 K,
and the values of p and b; employed in our calculations
are evaluated from the FLRWZ data for the mass
density and the mean-squared chain end-to-end distance
divided by chain molecular weight.2 The monomer
length, b, in the table is the average bond length along
the chain backbone, p is the number density of bonds
along the backbone, and my is the average chain mass
per bond along the backbone. The results from the two
calculations of N are almost identical, demonstrating
that the approximations employed in obtaining the
scaling relationship expressed in eq 6 are very accurate.
The fj employed has a long length scale form that agrees
with the form predicted by the model calculation in
Appendix B. Calculations are also presented in Table
1, which employ Fj = [1 + (C/ney)?l™* with neyy =
2i2p(bby)%? and C = 18.95. This form for F; is also
consistent with the long length scale dependence of F;
predicted by the model in Appendix B. The agreement
between this third set of N values and the other two is
excellent, suggesting that the value of N is not strongly
dependent on the precise form of Fj. The root-mean-
squared relative difference between the calculated and
experimental values of N is 0.108 for each of the three
calculations of Ne.

The quantities Fj, Hj, and H;j/n; are plotted in Figure
1. The PE values of p, b, and b; at T = 413 K are
employed, and F; is taken to have the form Fj = [1 +
(CInenj)?1~1. The H;j values, which incorporate the effect
of longer length scale relaxation on the free energy for
the jth length scale, are much smaller for small j than
the F; values, which do not include this effect. The H;
and the Hj/n; values are nearly zero for small j. The
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Figure 1. Fj, H;, and 200H;/n; are plotted vs log 10(n;). Fj =
[1 + (C/neyj)?]™* is employed with C = 18.95 and ngj =
2i2p(bb,)%2. Monomer parameters for PE are employed. The
solid line is Fj, the dashed line is Hj, and the dotted line is
200Hj/nj.

figure also shows that H; approaches unity for large nep;,
indicating little relaxation on longer length scales, as
expected. The range of n over which H; changes from
being almost totally relaxed to almost completely un-
relaxed is moderately broad, covering about an order
of magnitude in n.

Figure 2 shows the calculated relaxation modulus,
G(t), based on the relaxation of the free energy. The
results of four different calculations are presented. One
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Figure 2. Alog—Ilog plot of G(t) vs time. The solid curve uses
Fj = exp(—a/n;) with o = 100 and the continuous length scale
method for evaluating the relaxation. The dashed curve uses
Fj» = (1 + o/n;)~* with o = 161.18 and the continuous length
scale method. The squares use Fj., = exp(—a/n;) with o = 72
and associates a decay time with each discrete length scale.
The circles use Fj. = (1 + a/n;)~* with oo = 100 and associates
a decay time with each discrete length scale. The values of a
are chosen so as to obtain a plateau modulus of 0.01 in all
calculations.

calculation employs Fj, = exp(—o/n;) for the postrelax-
ation value of Fj, while the second calculation employs
Fi» = (1 + o/nj)~%. These two calculations evaluate G(t)
by associating a relaxation time with each length scale,
as described in section Il. The remaining two calcula-
tions of G(t) use these same two forms for Fj. but employ
the continuous length scale form of the free energy, eq
4. This is also described in section I1. These calculations
employ a specific form for the monomer mean-squared
displacement, g(t). If a different form were employed for
g(t), the quantitative results could change some. How-
ever, simulations and most models give a g(t) which is
close to that employed here at short and moderate times.
Therefore, we would not expect the change in the
preplateau relaxation to be very large. Values of t; =
100, t; = 1019, and bb; = 1 are used in the calculations.
There is little difference between the discrete and
continuous methods for associating a time dependent
relaxation with the length scale dependent free energy
relaxation. This is especially true when Fj, = exp(—o/
n;) is employed. The initial decay has a roughly t=?2
dependence, although this relaxation is slightly slower
when Fj., = (1 + o/nj) "t is used. At t = t;, the relaxation
crosses over to a slower decay toward the plateau value,
reflecting the slowing down of the dynamics in the
entangled regime. The terminal decay, which results
from the disengagement of the chains and is accounted
for by Fq4(t), eq 7, is evident around t = t; and later. The
storage and loss moduli® are presented in Figure 3 for
the two forms of Fj.. The results for G'(w) and G"(w)
are evaluated from the G(t) calculations using the
continuous length scale form of the free energy relax-
ation equations. The results show that the relaxation
predicted by the length scale dependent theory pre-
sented in this work is in qualitative agreement with that
observed in polymer melts.
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Figure 3. A log—log plot of storage and loss moduli, G'(w)
and G"(w), vs w. The solid curve and the dashed curve are
G'(w) and G"(w), respectively, using Fj.. = exp(—a/n;) with o
= 100. The squares and the circles give G'(w) and G"(w),
respectively, using Fj. = (1 + o/n;)"! with a = 161.18. The
continuous length scale method for evaluating the relaxation
is employed in all calculations.

1V. Discussion

The free energy analysis presented in this work
extends and improves our earlier model? for the length
scale dependent relaxation in polymer melts. The previ-
ous work assumed a restricted form for the length scale
dependent free energy, while the model presented here
is more general. The analysis in this paper also accounts
for the significant effect that relaxation on one length
scale has on the relaxation on shorter length scales.
Because this feature is neglected in the previous model,
that model produces a different scaling for N than the
current model, when an n; dependence of ne; is em-
ployed that is consistent with the model calculations in
the appendices. The previous model predicts! N ~
0 2b173b~3/In[Cp~2b;3b~3] where C is a constant, while
the model considered in this work yields Ne ~ p=2b; =303
While the fact that Ng is only a function of the
dimensionless quantity p?b%bh;3 results because the
residual free energy on each length scale can depend
only on neyj given the model employed for the chains,
the difference in the dependence of N on p2b3b;3 arises
because the results obtained for N. and Gy are deter-
mined by how rapidly the summations in egs 2 and 3
converge, as well as by the n; dependence of ne;.

As can be seen from the comparison of Fj and H;j in
Figure 1, the additional relaxation on shorter length
scales, due to the relaxation on longer length scales,
leads to significantly more relaxation on short length
scales than is the case when this feature is neglected.
This aspect of the analysis would affect the result for
any property that is sensitive to relaxation on short
length scales. The additional subsequent relaxation of
the free energy for a length scale, due to the relaxation
of a longer length scale, occurs on the longer time scale
associated with that longer length scale. Thus, the time
dependence for any process, which is sensitive to local
relaxations, would also be altered by the inclusion of
this feature. The development of expressions, eqs 2 and
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3, for the extent of relaxation as a function of length
scale is the main result of this work.

The dependence of the relaxation factors, F; and H;,
0N Nneyj in the current analysis arises because the re-
scaled chain segments on each length scale have the
form of harmonically bonded three-bead segments. This
leaves nej as the only length scale dependent function
on which Fj and Hj can depend. If the chains were not
rescaled or the rescaling were accompanied by a renor-
malization of the interaction between segments, then
these relaxation factors could also have a dependence
on the number of binary contacts per chain segment on
each length scale.

The calculated results for G(t), G'(w), and G"(w)
presented in section 11l show that the two methods
employed for the evaluation of the time dependent
relaxation using our length scale dependent theory
provide very similar results. One of these methods
associates a decay time, tj, with the n; for each length
scale. The contribution to the excess free energy for this
length scale decays exponentially with this decay time.
The second method uses the continuous length scale
form of the free energy expression. It considers the
excess free energy to have its postrelaxation value on
all length scales up to a time dependent maximum
length scale for relaxation, n(t), whereas length scales
longer than this n(t) are unrelaxed. The calculated
values for G(t) using these two methods are very similar.
On the other hand, G(t) does vary somewhat at early
times depending on the ne,; dependence of the form
employed for the relaxation factor, Fje.

The plateau modulus, Gy, and the corresponding
entanglement chain length, Ne, are determined by a
combination thermodynamic considerations (i.e., free
energy minimization) and the model employed for the
length scale dependence of the free energy, which
involves topological considerations, in the theory devel-
oped in this work. They are independent of the mech-
anism of the chain dynamics, and they are not affected
by the crossover in the dynamics from Rouse-like motion
to entangled motion. On the other hand, the crossover
in the dynamics is apparent in the calculated modulus
G(t) in Figure 2 as a slowing of the initial t~2 decay in
the modulus. In fact, the experimental relaxation modu-
lus has been successfully modeled!®1! as a fast Rouse-
like decay, followed by a slower decay to the plateau
region, followed by the terminal relaxation at longer
times. This is just what is seen in Figure 2.

In a separate series of papers,*>12-14 we have pre-
sented a theory for the dynamics of polymer melts that
allows for both lateral motion and motion along the
chain backbones. This theory provides a scaling'?~14 for
the dynamical crossover chain length, Ng ~ b:3/bo?,
where o is the average van der Waals interaction
diameter for the monomer unit. This dynamical cross-
over chain length determines both the crossover from
unentangled to entangled behavior in the time depen-
dence of the monomer mean-squared displacement and
the crossover from short to long chain behavior in the
molecular weight dependence of the diffusion constant
in this theory. The scaling for the crossover chain length
for the dynamics, Ng, differs from the scaling predicted
in this work for the entanglement length associated with
the plateau modulus, Ne ~ p=2b~3b; 2. While both N,
and Ngq result from the non-crossability of the chains,
they are determined by different aspects of the polymer
system. The scaling of N¢ is determined in this work by
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Table 2. Comparison of Experimental and Calculated
Values of Ne and Ng2

polymer Ne(exp) Ne(calc) o (A) N
PE 59.14 58.96 3.85 600.5
PEO 110.5 114.1 3.70 229.4
PDMS 332.2 350.3 4.57 298.8
PS 255.9 248.3 9.55 209.3

a Also given are the values employed for the monomer interac-
tion diameter o in the calculation of the crossover chain length
for diffusion Ng = 9.34(b1%/bo?).

the dependence of n¢,, the number of chain segments
which are in mutual contact, on the length of the
segments n, while Ny is identified in the theory for the
chain dynamics with the segment length at which a pair
of nearby chain segments have enough contacts so that
their lateral motion relative to each other is restricted
by these contacts.12-14

Values for the monomer interaction diameter o have
been obtained for polyethylene (PE), poly(ethylene
oxide) (PEO), poly(dimethylsiloxane) (PDMS), and poly-
styrene (PS) from force field parameters and force field
simulations.’-14 The proportionality constant in the Ngy
expression has been obtained'?!® by comparison with
simulation data.®” When the force field values for ¢ are
employed, the expression for Ny has been shown to pro-
vide molecular weight dependent diffusion constants,2-14
which are in very good agreement with experimental
diffusion constant data.'>% The N, obtained in this work
and the previously obtained Ny values are compared in
Table 2. The Ne and Ny values are significantly different.
The N values are in good agreement with experimental
data from the plateau modulus,” and the Nq values are
in good agreement with the experimental data on the
diffusion constant crossover.'>~1* However, we have only
considered the Nq values for the four systems for which
values of the monomer interaction diameter have been
evaluated from force field parameters and force field
calculations.’?2714 This is a small sample, and more work
is needed in order to understand whether the Ny scaling
expression holds more generally. Monomer diameters
are sometimes estimated from the monomer density or
crystallographic data.'®1° However, diameters calcu-
lated in this way included free volume contributions.
Furthermore, they do not always agree that well with
each other or with the diameters obtained from force
field parameters and simulations. For this reason, we
have restricted our comparison to the cases where the
force field estimates of o are available.

The entanglement chain length associated with the
plateau modulus is also not the same as the crossover
chain length for the viscosity, N, as has been discussed
recently by Fetters, Lohse, Milner, and Graessley
(FLMG).?° The viscosity is given by the time integral of
the modulus, G(t).2 This integral can be broken into a
contribution from the preplateau relaxation, »;, and a
postplateau contribution #,. The postplateau contribu-
tion should be proportional to the product of the plateau
modulus and the terminal relaxation time; i.e., 72 ~ Gyr.
The terminal time r depends on Ng, as well as having a
strong dependence on N. The dependence of 7 on Ng
arises because the chains move as unentangled chains
longer if Ny is larger, and this results in a smaller 7.
The crossover from the long chain N dependence to the
short chain N dependence in the viscosity occurs when
n1 and #, are of comparable size, because the N
dependence of the viscosity is no longer dominated by
the N dependence of 7, ~ Gnt ~ ©/Ne when N is less
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than this crossover N.. Since 77, ~ ©/Ne depends on N
and Ngy through 7, as well as on N, we would expect
the crossover value N to depend on both Ng and Ne.
Thus, Ne and N should not be the same, in qualitative
agreement with the observation of FLMG.?° However,
FLMG?° note an empirical correlation between N¢/Ne
and the packing length, p = (pbb;)™%, and it is not
apparent how this simple correlation could be obtained
on the basis of the scaling expressions used for Ng and
Ne here. This is a point that requires further study.

As noted above, the scaling that we obtain for the N,
is the same as obtained previously by Fetters et al.?
based on a packing length argument. Other scaling
results have been obtained for N and N by various
groups.20-31 The analyses that led to these different
scaling results generally begin by assuming that the
entanglement molecular weight M. or the crossover
molecular weight M. is determined by either the number
of chains that can pack?2024-26 into the volume spanned
by a chain, Rg% by the number of binary contacts
between pairs of chain segments,282° or by the number
of binary contacts in the volume spanned by a chain
segment of length N¢.2° The basis of the model for the
length scale dependent relaxation presented in this
work is similar to the first of these concepts. On the
other hand, the Nq for the crossover in the monomer
mean-squared displacement to entangled behavior in
our previous work!?—14 is determined by the number of
contacts between pairs of chain segments, which is the
same idea as employed in the second of the concepts.
We do not review the different approaches here, since
they have been recently reviewed by Fetters and co-
workers? and by Heymans.32 Heymans®? has suggested
that the differences between some of the scaling results
can be reconciled by noting an empirical correlation
between the characteristic ratio for the chain, C., =
bi/b, and the monomer aspect ratio, ap = b/o.

The current analysis has discussed only linear chains.
However, the free energy based argument employed
here should, in principle, apply to other chain architec-
tures as well. The important quantity in the analysis
is Ncpj, the number of segments in contact with any given
segment on each length scale. The analysis of the scaling
of this quantity uses the dependence of the radius of
gyration on the length of the segment. In the case of
branched polymers, this nc, could depend on the
proximity of the segment to branch points, and this
would complicate the analysis. In the case of rings,
computer simulations® indicate that the chain radius
of gyration has a sightly weaker dependence on chain
length, as compared with linear chains. If we take Ry
~ n¥7(bb;)*2 for n-monomer segments in rings, which
is close to the dependence of Ry on chain length reported
in recent ring simulations,33 the argument in section 11
yields Nnehj ~ n?7p(bb1)%? for rings, compared with nep;
~ n'2p(bb,)32 for linear chains. If this dependence is
employed and the same analysis is carried out as was
performed for linear chains, then the same scaling for
Ne and Gy is obtained for rings as for linear chains with
a slightly different numerical prefactor. However, the
extent of relaxation on each length scale is different in
rings and linear chains, with a somewhat broader
crossover in rings from nearly complete relaxation on
short length scales to negligible relaxation on longer
length scales. This discussion has only been concerned
with free energy considerations. If the change in topol-
ogy from linear chains to rings has a significant effect
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on the dynamics, then this could result in a significant
change in the time dependence of the chain dynamics
and relaxation. This would be reflected in quantities like
the diffusion constant, the terminal time, and the
viscosity, although the experimental data®*—3¢ do not,
overall, seem to support a dramatic change in these
guantities.

The chain structure is rescaled in our analysis by
combining two beads on one length scale to form a single
bead on the next length scale. The relaxation of a chain
segment on a given length scale is treated as the
relaxation of a single rescaled bead, with the two beads
to which it is bonded held fixed. During this relaxation,
the rescaled bead is interacting with the rescaled beads
of the n¢, other chain segments with which its chain
segment is in contact. The constraint that the chain
segments cannot cross is enforced in the model calcula-
tions in the appendices through the condition that, if
the x coordinate of the moving bead of one chain
segment is initially less than the x coordinate for the
moving bead of another chain segment, it must remain
so at all later times. This amounts to using a hard-core
interaction for the nonbonded bead—bead interaction on
all length scales. A better rescaling procedure would also
renormalize the interaction between the chains. This
is a feature of the problem that we hope to consider in
future work.
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Appendix A

A simple model for the relaxation of two entangled
chains on a short length scale is considered. Each chain
has three beads. The positions of the two end beads are
held fixed, and the middle bead is allow to relax. The
model is one-dimensional to simplify the handling of the
constraint that the chains cannot cross. The middle bead
of each chain is harmonically coupled to the end beads,
so that the potential energy of this system is given by

V(XaXoXa0:Xp0) = KX = Xa0)” + K(X, = Xp0)® (A1)

where the subscripts a and b refer to the two chains, x,
and x;, are the positions of the middle beads for the two
chains, xg is the average of the positions of the two end
beads for chain a, and xyo is the average of the positions
of the two end beads for chain b. The lack of a factor of
1/, in each harmonic term in eq Al results because Xq
and xp, are each harmonically coupled to both end beads
in their chain with force constant k. It is assumed that
Xa0 > Xpo and that Xpay = (Xao + Xpo)/2 = 0 without loss of
generality. Since xoav = 0, the dependence on X450 and
Xpo IS actually a dependence only on the single variable
Xo = Xao — Xpo. The constraint that the two chains cannot
cross is enforced by requiring that, if x, > xp, before the
application of a strain, then x5 > x, at all times after
the strain. Likewise, if x5 < Xp before the strain, then
Xa < Xp after the strain. The two cases, X > X, and Xz <
Xp, are considered two different states of the system.

The system is assumed to be in equilibrium before
the strain. Therefore, the probability of the system being
in state 1, corresponding to xa > Xy, is given by P; =
Q1(X0;0)/Q(X0;0), and the probability of being in state 2,
with Xa < Xp, is given by P, = Qa(Xo;0)/Q(Xo;0), where
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Qi(Xg0) = j;eidxb dx, eXp[—BV (XyXp:Xa0Xeo)]  (A2)

Q =Q1 + Q2 and a = k. Rj in eq A2 is the range of
allowed values for xa and xp. If i = 1, all X3 > X, are
allowed, while all x5 < x, are allowed if i = 2.

Assuming that the system undergoes an affine defor-
mation when the strain is applied, each coordinate, X,
Xb, Xa0, @Nd Xpo, is deformed to y times its value before
the strain. The probability of observing the configuration
of the system, {xa,Xp}, immediately after the strain, but
before any relaxation, is proportional to its value before
the strain, exp[—AV(Xa/y Xbly; Xao:Xbo)], Where {Xa/y Xp/
y} is the prestrain configuration of the system corre-
sponding to the poststrain configuration {Xxa,xp}. Since
the strain moves all of the beads, the end bead coordi-
nates after the strain, {Xao,.Xo0,}, are just y times their
value before the strain. As the system relaxes, the
poststrain end bead coordinates remain fixed, while
the middle beads move. The state probabilities, P;
and P,, are not affected by the strain or the subse-
qguent relaxation, reflecting the noncrossability of the
chains. However, the distribution of configurations with-
in each state relaxes back to a Boltzmann distribution
exp[—AV(Xa,Xb; Xa0y,X0oy)]. Thus, the distribution of con-
figurations for the two states after the strain, but before
relaxation, is given by

Pir(XarXp) = P eXp[—=BV (X [y Xyl7; XaOvao)][J/ZQi(Xo;a)]
(A3)

for i =1, 2, with the constraint that x, > X, for state 1
and X5 < Xp for state 2. The value of the distribution is
zero, if the constraint is not satisfied. The y? factor is
present in the denominator of eq A3 because the
normalizing partition function after the strain is its
value before the strain multiplied by a factor of y for
each coordinate, x, and Xxp. After the relaxation is
complete, the distribution of configurations for the two
states is given by

Piz(XasXp) = PieXP[—BV(X5,Xp; Xao,Xpo,)1/Qi(Xo,; )
(A4)

where Xo, = Xagy — Xboy-

The Q; can be readily evaluated by changing coordi-
nates from X, and Xp t0 Xay = (Xa+ Xp)/2 and x = AX — Xo,
where AX = X — Xp. This gives

Qi(¥o,50) = (%)m S dxexp(—ax?f2)  (AS)

after the integration over x,, has been performed. The
minus sign in the integration limit of eq A5 is used for
i =1, and the plus sign is used for i = 2. The remaining
integration can be performed to give Qi(xo;a)) = (w/a)[1
+ erf(zo)], where zo = (a/2)Y2|xo|, and the plus sign is
used for i = 1 and the minus sign for i = 2. The free
energy of the system can be evaluated from A = [E[—
TS. [E0and S are given by [EO= [dXa/dX [p1V + p2V]
and S = —Kg/dXay/dX [p1 IN(p1) + p2 IN(p2)]. The x4 and
X integrations are both taken from —oo to « with the
constraint that p; is zero if X < xp and py is zero if x >
Xo. Since P; = Qi(Xo;(l)/Q and Q = Q]_ + Qz = nla, the
free energy for the system before the application of the
strain is given by Ap = —KgT In(s/a)). Immediately after
the application of the strain, before relaxation has taken
place, the free energy has the value
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A=A, + (* — DKgT — KT In(y?)
~ Ay + (v — 1)°KgT (A6)

where the (y? — 1)KgT term is due to the change in [EL]
and the —KgT In(y?) term comes from the extra y? factor
in the denominator in eq A3.

After our model system has completely relaxed subject
to the constraint that the strained value for xg (i.e., yXo)
is held fixed, the free energy is given by

_ KgT ) Q1 (Xg;00)
A2 = AO + T Ql(XO,(l) In —Ql(')/XO;(l)
_ Q2(Xp:0)
RERY In[Qz(VXo;a)]) (A7)
where Agp = —KgT In Q. In obtaining eq A7, P; =

Qi(xo;a)/Q and eq A4 for pix(Xa,Xp) have been employed.
Since we are interested in only the linear viscoelastic
regime, we can expand A; about y = 1. The zeroth-order
term is just Ao, and the first-order term is readily shown
to be proportional to the derivative of Qi(yxopo) +
Q2(yx0;0) = Q with respect to y, which is zero since Q is
independent of y. Thus, Ax ~ Ag + (32A2/0y2)(y — 1)3/2,
and the second derivative of A, has the form

PA Q)2 3Q,\?
22 = KgT pl(i &) + Pz(i &) _
ay” |y=1 Q, dy Q, Iy
Py ale P, azQz
Q, 8)/2 Q, 8)/2 y=1
KeT[ 1 (9 2 d 2
=_B i(&) +i(&) (A8)
Q [Q\ 3y /y=1 Q\ Iy Iy=1

where the y derivatives of Q1(yxo;at) and Q2(yXo;0) can
be obtained from eq Ab.

It is worth noting that, to lowest order in (y — 1), A —
Ay is proportional to (y — 1)2 before and after relaxation.
The value of A before relaxation, eq A6, is independent
of the value of xq, but the value after relaxation, which
is obtained from eq A8, depends on xo. The average
excess free energy per segment in a melt is obtained by
averaging the excess free energy over all segments in
the melt, which corresponds to averaging over the
distribution of Xxo values. An idea of the extent of
relaxation that might be expected can be obtained by
averaging eq A8 over the distribution f(xo) = (3a/27)2
exp(— 3uxp?/2). This distribution corresponds to Xg2[l=
KgT/3ky with k, = k/2. This Xe20is twice the squared
radius of gyration of a chain segment on this length
scale. This yields an average value of A, — Ay of
0.0573(y — 1)°KgT. Thus, there is almost, but not quite,
complete relaxation in this two interacting chain model.

Appendix B

The model for chain relaxation considered in this
appendix, like the one in Appendix A, is one-dimensional
to simplify the treatment of the noncrossability con-
straints. In this case, there are many other chain
segments constraining the motion of a selected chain
segment. The selected chain segment is referred to as
chain A. The starting point for this model is A = E[J—
TBO= Yi[/pV dx + KgTfpj In pj dx]. In the previous
model, there are two possible regions or states: X, < Xp
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and X > Xp. In the current model, we allow many states
for chain A. Each state is characterized by an x.; and
an xyi, the lower and upper allowed values for x,, where
Xa is the position of the middle bead in a three-bead
segment representing chain A on a given length scale.
Thus, the starting equation for this model is

A1) = KeT PilIn(P) + f dxF00(In{f;0] +
BV(x))] (B1)

where j = 0 before the strain, j = 1 after the strain but
before relaxation, and j = 2 after the relaxation is
complete. Pjin eq B1 is the probability of being in state
i in the equilibrium system, and R;j is the range of
allowed values of x for state i, which goes from x.; to
xui Wwhen j = 0 and from yx; to yxui when j=1or j =
2. The distribution of configurations for state i is given
by pij(x) = Pifij(x), if x is in the allowed range for state i,
and it is zero otherwise. After the strain but before
relaxation, fiy(x) = Diz ! exp[—BV(x/y)], which is propor-
tional to the Boltzmann weight for the prestrain coor-
dinate x/y corresponding to the poststrain coordinate x.
After the relaxation, the distribution is given by the
Boltzmann distribution, fi(x) = Dj2~! exp[—AV(X)], where
the Dj; are determined by the condition that the integral
of fij(x) over R;j is unity.

The various states of the system correspond to dif-
ferent positionings of chain A relative to the surround-
ing chains. For example, the upper limit of the integra-
tion region, Rjj, results from the noncrossability constraint
between chain A and a surrounding chain segment with
which it makes contact at this point. Another integra-
tion region results, if chain A is placed on the other side
of this chain. The system is then in a different state,
and what was the upper integration limit for the old
state is now the lower limit of the integration region
for the new state. In defining the states of the system
for the evaluation of the free energy of chain A, we
consider only the states obtained by allowing chain A
to cross the backbones of the surrounding states. There
is no need to consider the states produced by allowing
two of the surrounding chain segments to cross each
other.

In this model, x.; and xy; are treated as fixed objects.
The poststrain chain motions should allow the sur-
rounding chains, as well as chain A, to move and relax.
The use of fixed objects to model the constraints
simplifies the analysis considerably. The averaging of
the motions of the surrounding chains, subject to the
constraints of noncrossability and no relaxation on
longer length scales, produces a potential of mean force
for the motion of chain A. The use of fixed barriers to
the motion of chain A is equivalent to approximating
the potential of mean force as a hard wall box potential.
This model corresponds to the evaluating the relaxation
of each chain holding the configurations of all others
fixed. The range of motion of chain A for a fixed
configuration of the surrounding chains is obviously
much less than would be the case if the surrounding
chains were allowed to move. Although this fixed-
surrounding-chain procedure does not capture all of the
relaxation, it is assumed that it provides a reasonable
estimate of the magnitude of the relaxation in the free
energy.

The one-dimensional model considered here is in-
tended to mimic real three-dimensional systems. In a
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three-dimensional system, chain A may bump into one
chain if it moves in one direction and bump into a
different chain if it moves in a different direction. It can
also occur that the motion of chain A in a specific
direction would cause it to contact one chain for some
configurations of the surrounding chains but cause it
to contact a different chain for other configurations.
Placing chain A on the opposite side of these different
chains correspond to different states of the system, as
long as these new configurations cannot be reached from
one another without crossing a chain backbone. The
summation over different states in the equations for the
model should apply equally well for the one-dimensional
and three-dimensional cases. However, in the three-
dimensional case, some reasonable mathematical pre-
scription would have to be found to enforce the non-
crossability constraints and to keep the motions of a
chain segment from allowing it to go around the ends
of other segments.

If the regions R;; are small, which corresponds to a
large number of other chain segments in contact with
chain A, then fi;(x) is well approximated by expanding
the potential around x;j, the midpoint of R;;. If the exp[—
BV(xij)] factor is absorbed into Djj, this expansion yields

fi;(x) = Dij_l eXp(_ﬁ[V'ij(X = X) + %V”ij(x - Xij)z])
(B2)

with the definitions Vip(x) = Vi2(x) = V(x) and Viy(x) =
V(xly). If fj; from eq B2 is substituted into eq B1, and fj;
and V are expanded to quadratic order in x — x;;, and if
a quadratic expansion is also used in the evaluation of
Dij, then A; takes the form

P; VB
. YA, 24

BV'(V5 — 2VilAl | | (B3)

where Aj = xyi — Xj and [..0indicates an average over
all configurations of the constraining chains. Using the
fact that V'iy = V'i2/y, eq B3 gives

AA; = AA, = Ty Py B(V'iy — V') *Af12400
1
= (y — 1’ PV (xi0)°A{"1240 (B4)
1

for the difference in the poststrain excess free energy
before and after the relaxation, to the lowest order in y
— 1. As the number of other chain segments in contact
with chain A increases, the range of x for the different
states decreases proportionately, so that Aj; ~ 1/ngh.
Thus, the decrease in the excess free energy upon
relaxation scales as AA; — AA; ~ 1/ngy?. (The number
of states in the summation over i increases as N
increases, but the probabilities decrease proportionally,
so that Y;P; remains unity. Thus, these two feature
should cancel when determining the n¢, dependence of
AA1 — AAz)

If this one-dimensional model is generalized to the
three-dimensional case, each expansion point X; is
replaced by a vector rj, which is chosen such that the
integral of r — r; over the region R;j vanishes. The free
energy expression becomes the sum of x, y, and z terms,
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each having the form given by eqs B3 and B4. If the
strain is an elongation, the y in eq B4 is equal to y for
the direction of the elongation, while it is y~2 for the
other two directions. If a equals X, y, or z, then the
derivatives V' and V" are replaced by corresponding o
derivatives, V, and Vg, respectively, and A;? is replaced
by the average of 4(a — ai)? over R;jj for each term in
the summation over the x, y, and z coordinates. The
cross terms [which contain (o — ai)(4 — 4i), where a and
A are each x, y, or z but are not the same] vanish due to
the configurational averaging in the free energy expres-
sions. As in the one-dimensional case, the quantities [{o
— )%l ~ 1/new?. Thus, AA; — AA; ~ 1/ngy? should also
hold for a three-dimensional generalization of this
model.
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